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0. Introduction

Let C be a category of representations of a Lie superalgebra g and Irr(C) be the set of
isomorphism classes of simple modules in C. Assume that the modules in C are of finite
length.! In many examples the extension graph of C is bipartite, i.e. there exists a map
dex : Irr(C) — Zs such that
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(Dex1) Extg(Ly, Lz) = 0 if dex(L;) = dex(Ls).

In what follows Fin(g) stands for the full subcategory of the category of finite-
dimensional g-modules consisting of the modules which are completely reducible over
gg- In this paper we consider the following examples:

(KM) C = Fin(g) with g = gl(m|n), osp(M|2n), D(2]1,a),G(3) or F(4).

(4;2) C = Fin(qm)1/2 which is the full subcategory of Fin(q,,) consisting of the modules
with “half-integral” weights;

(g;C) C is a subcategory of Fin(q,,) described in 4.7.

Take g as in the (KM)-case. Let C(g) be the full subcategory of Fin(g) consisting of
modules with all subquotients having the maximal atypicality (equal to the defect of g).
The Kac-Wakimoto conjecture, which was formulated in [25] and proven in [32], states
that for a simple finite-dimensional module L one has sdim L # 0 if and only if L is of
maximal atypicality (i.e., L € Irr(C(g))). It turns out that (see [24], [15], [17] for the
proofs) that there are exactly two possible maps dex : Irr(C(g)) — Zz satisfying (Dex1):
the map given by dex(L) := 0 if and only if sdim L > 0 and the map dex’ := 1 — dex.
Note that the map dex is compatible with the Duflo-Serganova functors introduced in [7]
that is

(Dex2) one has [DS, (L) : L'] = 0 if dex(L) # dex(L’),

since sdim N = sdim DS, (V) for any g-module N. Note that in (Dex2) we have to choose
dex on Irr(C) and on Irr(DS,(C)).

By [24], [15] in the (KM)-case there exists dex satisfying (Dex1) and (Dex2). Another
example when (Dex1) and (Dex2) hold is the full subcategory of integrable modules in
the category O(gl(1|n)M), see [18]. Note that Fin(g) coincides with the full subcategory
of integrable modules in the category O(g) if dimg < oo. This suggests the following
conjecture: if g is a Kac-Moody superalgebra, then the full subcategory of integrable
modules in the category O(g) admits a map satisfying (Dex1) and (Dex2).

The original motivation for this project was to study complete reducibility of DS, (L),
where L is a finite-dimensional simple g-module. Clearly, the existence of a map satisfying
(Dex1) and (Dex2) implies complete reducibility of DS, (L) for each L € Irr(C). In
particular, DS, (L) is completely reducible for each simple finite-dimensional module L
over a finite-dimensional Kac-Moody superalgebra. Unexpectedly, it turns out that the
complete reducibility holds in the cases (q;1) and (q;C) even though (Dex2) does not
hold. Below we will explain how the complete reducibility can be obtained in the absence
of the property (Dex2).

Our main result is formulated in terms of “arc/arch diagrams” used in [24], [10], [22]
and in [17]; for q,-case a modification of these diagrams is used in [20].
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Theorem A. Let g = gl(m|n),0sp(M|2n) or q,,. If there exists a non-split extension
between two non-isomorphic finite-dimensional simple modules, then the weight diagram
of one of these modules can be obtained from the weight diagram of the other module by
moving one or two symbols X along one of the arches. For g = gl(m|n), 0sp(M|2n) and

for half-integral weights of q,, this condition is sufficient.

The above condition is not sufficient for integral weights of q,,, but it is sufficient if
the modules are “large enough”, see Corollary 4.6.5.

Theorem A implies that dex, introduced by the formula (23) below, satisfies (Dex1) in
all cases we consider. The computations of DS, (L) in [24], [15], [22] imply that the arch di-
agram corresponding to a subquotient of DS, (L) can be obtained from the arch diagram
of L by sequential removal of several maximal arches. This, together with Theorem A,
implies that any extension between non-isomorphic simple subquotients of DS, (L) splits.
This gives the complete reducibility of DS, (L) in the cases (KM), (q; 1), (q;C) and the
fact that in the q,,-case any indecomposable submodule of DS, (L) is “isotypical” in the
sense of 1.2.3.

The property (Dex1) means that dex gives a bipartition of a certain simplified version
of Ext!'-graph. This graph can be described in the following way. Denote by II the parity
change functor and by L()) a simple g-module of the highest weight \; we set

ext, (A1) = {dimExt}g(L()\),L(u)) if L(v) = TIL(v)
gy dim Extg (L(N), L(v)) + dim Extg, (L(X), TIL(v)) otherwise.

Let (C;ext) be the graph with the set of vertices Irr(C) modulo the involution defined
by II, with L(A) and L(v) connected by exty(A;v) edges if A # v. This graph can
be obtained from the usual Ext'-graph in two steps: factoring modulo the involution
followed by deleting the loops. The graph obtained by factoring modulo the involution
does not have loops if g is a Kac-Moody superalgebra and C C O(g); in the g,,-case
there is at most one loop around each vertex and the vertices with loops correspond to
the weights having at least one zero coordinate, see Theorem 3.1 of [21]. The property
(Dex1) means that dex gives a bipartition of the graph (C;ext).

In many cases Ext!-graph is isomorphic to two disjoint copies of (C;ext) which is
equivalent to the following property: the vertices L and IIL lie in the different connected
component of the Ext!-graph. It is easy to see that this property holds if g is a Kac-
Moody superalgebra and C C O(g). For Fin(q,,)1/2 this property follows from results
of [1]. This property does not hold for the atypical integral blocks in Fin(q,).
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0.1. Remark

It was observed by Alex Sherman, our results imply the following: each block of
atypicality k” in Fin(g) contains a “large” Serre subcategory C (described in 4.5.4)
such that the graph (Cy;ext) is isomorphic to (Cy/2(k);ext), where Cy/5(k) is the half-
integral block of atypicality k in Fin(qax). In order to illustrate this observation, consider
the simplest case k = 1 which was studied in [12], [13], [26], [27] and [21]. We have the
following three types of ext-graphs:

AL . . . . .
D.. : . . .

.
Ao : o . o

The first graph corresponds to the blocks of atypicality one in gl(m|n), osp(2m|2n)
and some blocks of atypicality one in F(4) and D(2|1;a) for a € Q; the second graph
corresponds to the blocks of atypicality one in osp(2m + 1|2n), osp(2m/|2n), G(3) and the
rest of the blocks of atypicality one in F'(4) and D(2|1;a). The third graph corresponds
to the blocks of atypicality one for g,,; this graph is contained in the first two graphs.
The picture is much more complicated for k£ > 1. For instance, the vertices of the blocks
of atypicality two in Fin(g) are enumerated by the integral pairs (i,j) satisfying the
following conditions:

— i < j for gl(m|n)

— 0<i<jori=j=0 for osp(2m + 1|2n), the integral blocks for g,, and certain
blocks for osp(2m|2n);

— |i| < j or ¢ = j =0 for the rest of the atypicality two blocks for osp(2m|2n);

— 0 < i < j for the half-integral blocks for q,.

The last graph is an induced subgraph® of all above graphs except, perhaps, for the
integral blocks for g = q,,; for the latter case the last graph is isomorphic to the induced
subgraph for the vertices (4,7) with 1 <14 < j.

2 In contrast to the Kac-Moody case, the definition of the degree of atypicality in the qn-case admits
several variations; for example, our degree of atypicality is the integral part of the degree appearing in [20].
3 the induced subgraph is the graph with the set of vertices B which includes all edges pn — v for p,v € B.
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0.2. Methods

For the cases (KM), (q; 3) the categories Fin(g) were studied in many papers includ-
ing [28], [3], [1], [4], [8], [9] and Theorem A can be deduced from the results of these
papers. The categories Fin(qz), Fin(qs) were described in [27] and [21] respectively. In
this paper we obtain Theorem A using the approach of [28], [21]. The assertion can be
reduced to the case when g is one of the algebras gl(n|n), 0sp(2n + t|2n), q2,1¢ with
t =0,1,2 and ¢ = 0,1 and the simple modules have the same central character as the
trivial module. We take g as above and denote by B the set of As such that L(A) is
finite-dimensional and have the same central character as the trivial module. Our main
tools are the functors I's” introduced in [29] (we use the “dual version” that appeared
n [22]). For a parabolic subalgebra p C g the functor I's* : Fin(p) — Fin(g) is the
derived functor of the functor which maps each finite-dimensional p-module to the max-
imal finite dimensional quotient of the induced module U(p) ®y(q) V. We fix a “nice
chain” of Lie superalgebras g() C g(1) C ... C gn) Wwhere g(;) = gl(ili) for g = gl(n|n),
g(i) = 0sp(2i +1(2i), for g = osp(2n +t[2k) with ¢ = 0,1,2 and g(;) = q2ite for g = qanie
with £ = 0,1. For each s the algebra p(4) := (g(s—1) + b) N g(s) is a parabolic subalgebra
in g(s). For p := p(,) the multiplicities K'(A\;v) = [IFP(Ly(N)) : Lg(v)] were com-
puted in [28], [22], [30], [31]. We will present the corresponding Poincaré polynomials
KM (z) =Y, K'(A;v)2" in terms of the arch diagram. The same Poincaré polynomials
appear in the character formulae obtained in [22], [4], [35] and [16] (in particular, the arch
diagrams in q,-case are similar to the diagrams appeared in [35], 3.3). The multiplicities

4 sy Fhps)+h
Kiy(Aw) o= [7OTPOTNL, (V) Lg(v)]

can be easily expressed in terms of K'(A\;v) computed for gg. Set ko(\;v) :=
maxg K?S)(/\; v). It turns out that ko(A;v) # 0 implies that the weight diagram of A
can be obtained from the weight diagram of v by moving one or two symbols x along
one of the arches. For g = gl(n|n),0sp(2n + t|2n) the inequality ko(X;v) # 0 forces
ko(A;v) = 1 and dex(\) # dex(v) for the grading dex given by the formula (23). For
g = qm-case the same hold if v does not have zero coordinates.

It is not hard to show that exty(\;v) < ko(A;v) for A, v € B with v < A. This gives
the first claim of Theorem A for the case when the highest weights of the modules lie
in B. In Corollary 4.5.1 we show that extg(A;v) = ko(A;v) for \,v € B with v < A
except for the case g = ¢, and A\ has a coordinate which equals to 0 and to 1 + ¢.
This gives the second claim of Theorem A for the case when the highest weights of the
modules lie in B. The proof of the formula ext(\; v) = ko(A; v) is based on the fact that
for each s the radical of the maximal finite dimensional quotient of the induced module
U(P) Du(q) Lp,, (A) is semisimple (the chain gy C g(1) C ... C g(n) is chosen so that
this property holds).
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0.3. Content of the paper

In Section 1 we present some background information about Ext! and establish the
inequality extg(A;v) < ko(A;v). In Corollary 1.9.3 we obtain the formula extg(A;v) =
ko(X;v) under certain assumptions.

In Section 2 we introduce the language of “arch diagrams”.

In Section 3 we deduce a description of the Poincaré polynomials K*¥(z) in terms of
the arch diagram from results of [30], [31], [28] and [22].

In Section 4 we introduce the Zo-grading dex and show that K*¥(z) has nice prop-
erties with respect to this grading. Then we compute exty(A;v) for A,v € B under the
assumption that for g = g, all coordinates of A\ differ from 0,1 and 1+ ¢. In 4.6 we
establish Theorem A by reducing the computations of exty(\;v) for A, v € P*(g) to the
case \,v € B. In 4.7 we discuss the conditions (Dex1), (Dex2) in various cases. Finally,
in Remark 4.8 we discuss the connection between the ext-graph and Ext'-graph.

0.5.1.
This paper has a considerable overlap (the cases of gl and osp) with the unpublished
preprint [14] where the (KM) case was studied.

0.4. Acknowledgments

The author was supported by ISF Grant 1957/21. The author is grateful to N. David-
son, V. Hinich, V. Serganova and A. Sherman for numerous helpful discussions and to
the referee for the useful remarks and suggestions.

0.5. Index of definitions and notation

Throughout the paper the ground field is C; N stands for the set of non-negative
integers. We denote by II the parity change functor. We will use the notation Soc NV,
Rad N, coSoc N for the socle, the radical and the cosocle of a module N (recall that Soc N
is the sum of simple submodules, Rad N is the intersection of maximal submodules and
coSoc N := N/RadN. Throughout the paper = will be always used for the equivalence

modulo 2.
g, t, (Asst) 1.2
O(g)’ ‘Fin(g)a C)\,M(/\),L()\),PJ"(Q) 1.2.2
[N : L] 1.2.3
N v;m), m(g,p;\;v) 1.3.3
&P Ki(\v) 1.7.1
Lol

) P By b By 1) 1.8
assumptions (A), (B) 1.8.1
Kfs)()\;u), ext sy (A v) 1.8.2

Please cite this article in press as: M. Gorelik, On modified extension graphs of a fixed atypicality, J.
Algebra (2023), https://doi.org/10.1016/j.jalgebra.2023.09.008




M. Gorelik / Journal of Algebra sss (seee) eee—ses 7

s(A\;v), k(\;v), graph G(t; K°), B()\), K'-stable 1.9

triangular decompositions, p 2.1
Bo, By 2, B, i 2.2
arch diagram 2.3
gy for g = gl(n|n), 0sp(2n +t2n), q2n1¢; tail A 2.5
(92, (968, K(L) 3.1
dex(N), dex(A; v), tail(A;v) (23)

1. Useful facts about ext(\; v)
1.1.
Lemma. Let A be an associative superalgebra.
(i) If N is an A-module with a semisimple radical and a simple cosocle L', then
dim Hom(L, N) < dim Ext*(L/, L),

for any simple A-module L 2 L'.

(ii) Let Lq,...,Ls, L’ be simple non-isomorphic A-modules and my,...,ms be non-
negative integers satisfying m; < dim Extl(L',Lj). There exists an A-module N
with

coSoc N = L', RadN = @;L7™.
Proof. Consider any exact sequence of the form
0 L™ 5 N 2 1/ 0.

For each i = 1,...,m let p; : L®™ — L be the projection to the ith component and
let ; : L — L®™ be the corresponding embedding p;0; = Idy. Consider a commutative
diagram

0 Lom N’ r 0 2
0; 1 Pi l P i Id
Li . ¢z /
0 L M* L 0

where ¥; : N’ — M is a surjective map with Ker 1; = ¢(Ker p;). The bottom line of this
diagram is an element of Ext'(L’, L), which we denote by ®;.

Assume that m > dim Ext*(L/, L). Then {®;}"*, are linearly dependent and we can
assume that ®; = 0. This means that ®; splits, so there exists a projection p: M — L
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with ¢1p = Idy,. Then pooco6; =1dy, so popy : N' — L is surjective. Therefore
[coSoc N’ : L] # 0, that is coSoc N" 2 L'.

Now take N as in (i). Let N’ be the quotient of N by the sum of all simple submodules
which are not isomorphic to L. One has

coSoc N’ = coSoc N =2 L/, RadN’ = L™

where m = dim Hom(Z, N). By above, m < dim Ext!(L’, L); this gives (i).
For (ii) let {@gj)};ljl be linearly independent elements in Ext' (L, L;):

o 0oL M 2T 0.
Consider the exact sequence
0— @; L% — @; & M; — (L)®Z5=1™ — 0.

Let diag(L') be the diagonal copy of L' in (L')®2i=1" and let N be the preimage of
diag(L') in @; @; M*. This gives the exact sequence

0@, L8 5 N -2 1) 50

and the commutative diagrams similar to (2). Assume that Ny C N is a submodule of
N satisfying ¢(N7) # 0. Since Ker ¢ = I'm ¢ is completely reducible we have

Kerd) = (KergbﬂNl) @NQ

where Ny # 0 is completely reducible. Then N = N; @ Ny and thus N can be written as
N = L & N3 where L C N, is simple. We can assume that L = L;. Changing the basis
in the span of {@gl)};ljl, we can assume that ¢(Kerp;) C Ns. Since Ker ¢y = ¢(Kerpy),
1(L) is a non-zero submodule of My, so the exact sequence ®; splits, a contradiction.
Hence for each Ny C N one has ¢(N7) = 0 that is Rad N = Ker ¢ as required. O

1.2. Notation and assumptions

Let g be a Lie superalgebra of at most countable dimension with a finite-dimensional
even subalgebra t satisfying

(Asst) t acts diagonally on g and g§ = t.

We set b := h' and choose h € t satisfying

g" = b and each non-zero eigenvalue of ad h has a non-zero real part. (3)

(The assumption on dim g ensures the existence of 7). We write g = b @ (©aca(g)a)
with A(g) C t* and
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o :=1{9 € 9| [h,g] =alh)g forall h €t}.
We introduce the triangular decomposition A(g) = A*(g)[[ A~ (g), with
A*(g) = {a € Ag)| £ Rea(h) >0},
and define the partial order on t* by
A>v ifv—AeNA™.
We set n* := @, ca+ga and consider the Borel subalgebra b :=bh @ n™.

1.2.1.
Take z € t satisfying

a(z) € Rsg for a € AT and a(z) € Rgy fora € A™. 4)
Consider the superalgebra p(z) := g* + b. Notice that

p(z) = ¢° xm, where m(z):= Z o
acA:a(z)>0

Both triples (p(2),t, k), (g%, t, h) satisfy (Asst) and (3). One has (g*)* = p* = b and

At(p(2)) =A%(g), AT(g*) ={ac AT (g)] a(z) =0}
A7 (p(2)) = A7(g°) = {a € A™(g) a(z) = 0}

1.2.2. Modules M(\), L(\)

For a semisimple t-module N we denote by N, the weight space of the weight v.
We denote by O(g) the full subcategory of finitely generated modules with a diagonal
action of t and locally nilpotent action of n. Recall that Fin(g) is the full subcategory of
the category of finite-dimensional g-modules consisting of modules which are completely
reducible over gg. Since gg is reductive, complete reducibility of a finite-dimensional gg-
module is equivalent to complete reducibility of h-action. Therefore Fin(g) is the full
subcategory of the finite-dimensional g-modules in O(g).

By Dixmier generalization of Schur’s Lemma (see [6]), up to a parity change, the
simple h-modules are parametrized by A € t*; we denote by C) a simple h-module,
where t acts by A (for each A we choose a grading on C)). We view C) as a b-module
with the zero action of n and set

M(X) := Indg C».

The module M (\) has a unique simple quotient which we denote by L(\). We set
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Pt(g) :={\ € t*| dim L()\) < oo}
We introduce similarly the modules M (), L(X) for the algebra p.

1.2.5.

For N € O(g) we will denote by [N : L] the number of simple quotients isomorphic
to L or to IIL in a Jordan-Holder series of V. We say that N is an “L-isotypical” if all
these quotients are isomorphic to L or to IIL. We introduce exty(A;v) by (1); we will
usually drop the index g and write simply ext(\; v).

1.53. Remarks
By Lemma 1.1 Exty(L(\), L(v)) = Ext' (L(X\), L(v)) if X # v.

1.8.1.

If g is a Kac-Moody superalgebra, then {Cy}aci+ can be chosen in such a way that
Exté (L(A), TIL(v)) = 0 for all A, v and thus ext(\;v) = dim Exty (L)), L(v)).

If g = gy, then ext(X;v) # 0 implies that both Cy, C, are either II-invariant or not
I-invariant; in this case for A\ # v one has ext(\;v) = dim Exty (LY ()), L™ (v)), where
LY(X) is the “Il-invariant simple module” appeared in [30], [31] (in other words, L™(\)
is a simple q; X q,-module).

1.3.2.

If g is a Kac-Moody superalgebra, then g admits antiautomorphism which stabilizes
the elements of t and the category O(g) admits a duality functor # with the property
L# = L for each simple module L € O(g). By [11], for the q,,-case O(g) admits a duality
functor # with the property L# =2 L up to a parity change. In both cases

ext(A;v) = ext(v; A). (5)

1.8.3. Set N(\;v;m)
Recall that h € t satisfies (3). Let A # v € t* be such that Re(A —v)(h) > 0. If

0—Lv)—>E—L\) —0

is a non-split exact sequence, then F is generated by E) = C), so E is a quotient of
M(X) and v < A. For A\, v € t* we denote by N (\; v;m) the set of g-modules N satisfying

coSoc N 2 L(\); SocN =RadN is L(v)-isotypical and [N : L(v)]=m.  (6)

By Lemma 1.1 one has ext(\;v) = max{m| N(\;v;m) # 0}. Note that each module
N € N(X;v;m) is a quotient of M(A) = Indf Lp(N). We set

m(g; p; \;v) := max{m| IN € N(\;v;m) which is a quotient of ITndj] L,(\)}.  (7)
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1.3.4.

Corollary. Take h € t satisfying (3) and A # v € t* with Re(A — v)(h) > 0. One has
ext(A;v) = m(g; b; A;v) < dim M (A),.

In particular, ext(A;v) # 0 implies X > v.

1.4. Modules over g x b

Let h” be a finite-dimensional Lie superalgebra satisfying [h7,h"] = 0. Set

=y, g =gxh”, Bi=hxb, € =txt’, pi=pxp.

Note that the triple (g¢',h’,h) satisfy the assumption (Asst) and (3). For A € t* and
n € (t’)* denote by A @ n the corresponding element in (t')*. Let Cy, C;, Cxgy be the
corresponding b, " and h’-modules.

1.4.1.
By [19], we can choose the grading on Cgy, is such a way that

Chrgn @ IIC)\g, if C) and (), are Il-invariant

Cy\XC) =
A {C,\@n otherwise.

Moreover if C), is not Il-invariant, then Chg, is ll-invariant if and only if C) is II-
invariant. The similar statements hold for M, (A @ n) and for L,(A @ 7).

1.4.2.
If h = ¢, then C),C,, C, are one-dimensional and

dim EXt%’)(Lg (A); Lg(v)) = dim Exto (Ly(A®n), Ly (v ®n)).

By 1.4.1 the same formula holds if A\ > v and C,, is not Il-invariant (or if A > v and
both C,, Cy are not I-invariant). If g = q,,, then ext(A; ) # 0 implies that both C, C,
are either Il-invariant or not Il-invariant and the following corollary gives ext(\;v) =
ext(A® ;v dn).

1.4.3.

Corollary.

(i) ext(N® ;v @ n') # 0 implies 0’ =n and ext(A\;v) # 0.
(ii) Take A > v. If at least one of the following conditions holds
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— Oy is not l-invariant

— C, and Cy are not Il-invariant

— C, and Cy are Il-invariant

then the map N — N K C,, induces a bijection between the sets N'(\;v;m) and
NA@nvdn,m). One has m(g;p; \;v) = m(gsps A ;v & n) and

ext(\;v) = ext(A @ ;v @ n).
Proof. Observe that if n’ # 7, then the weight A & n — v @ 1’ does not lie in ZA(g').

Combining this observation with Corollary 1.3.4 we obtain ext(A®n; v®n’) = 0if n # 7.
Other assertions follow from 1.4.1. O

1.5.

The following lemma is a slight reformulation of Lemma 6.3 in [28].
Lemma. Take \,v € t* with A > v.

(1) m(g; b; \;v) < m(p;b; Aiv) if v — A € NA™(p);

(i) m(g; b; \;v) = m(g;p; Asv) if v — X ¢ NA™ (p).

Proof. For a semisimple t-module N we denote by Q(N) the set of weights of N. For
each g-module M we set

Py(M) :={v € M| zv = \(z)v}.
This defines an exact functor from g — Mod to g* — Mod. Recall that p = g* x m

(see 1.2.1). Viewing P(M) as a p-module with the zero action of m we obtain an exact
functor Py : g — Mod — p — Mod. By the PBW Theorem

_ M) if u(z) = A(z)
P/\(M(M))—{O ’ if (A—p)(z) >0
Let us show that
PA(L(s)) = { e, ®

Indeed, since Py is exact, P\(L(u)) is a quotient of Py(M(u)); this gives the second
formula. For the first formula assume that p(z) = A(z) and that E is a proper submodule
of Py(L(w)). Since Px(L(u)) is a quotient of Py(M(u)) and

(PAM (1)) e = (M (1)) = Cs
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is a simple h-module, one has v < p for each v € Q(E). Since E is a p-module and
g=n" +p, we have U(g)E = U(n")E. Therefore (U(n")E), =0, so U(g)E is a proper
g-submodule of L(x). Hence E = 0, so Py\(L(p)) is simple. This establishes (8).

Fix N € N(X\;v;m) where m := m(g; b; \;v).

For (i) consider the case when v — A € NA™(p). Then A(z) = v(z), so (8) gives

PA(L(v)) = Lp(v),  Px(L(¥)) = Lp(N).

Since Pj is exact, Py\(NN) is a quotient of M,()). Using (8) we conclude that the p-module
P, (N) lies in the set N'(\;v;m) (defined for p instead of g). Therefore m < m(p; b; \; v).
This establishes (i).

For (ii) assume that v — A ¢ NA™(p). Let us show that N is a quotient of Indy Ly ()).
Write

Indg Ly(\) = MO/, Ly() = My(0)/J'
where J (resp., J') is the corresponding submodule of M(X) (resp., of M,())). Since
Indy is exact and Indy My(A) = M(A) one has J = Ind} J'; in particular, each maximal
element in Q(J) lies in (J’). Note that
Q') C A+ NA(p).

Let ¢ : M()\) — N be the canonical surjection. Since Jy = 0, ¢(J) is a proper
submodule of N, so ¢(J) is a submodule of Soc(N) = L(v)®™.

If ¢(J) # 0, then v is a maximal element in Q(J) and so v € A + NA™(p) which
contradicts to v — A ¢ NA~(p). Therefore ¢(J) = 0, so ¢ induces a map

ndS Ly(A) = M(A)/J - N.

Hence N is a quotient of Indy Ly (\) which gives m < m(g; p; A;v). Since Indy Ly(A) is a

quotient of M(A), we have m(g; b; A;v) > m(g; p; A;v). Thus m(g; b; \;v) = m(g; p; \;v)
as required. O

1.6.

Take 21,...,2,_1 € t satisfying (4) and the condition g C g#+1. Setting g(*) := g%
we obtain the chain

h=9cg® cg®Pc..cg® =g (9)

We introduce p := g 4+ b and p@® := p—D N g with p© = p(® := b; note that p®
(resp., p(V) is a parabolic subalgebra in g( (resp., in g).
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1.6.1.
Taking zp := h as in (3) and z;, := 0 we obtain for s =1,...,k
s Y i Y
a: a(zs—1)>0 a: azs)>0

p(s) = Z Ja-

a: 0(2571)20
a(zs)=0

In particular, p®) = g(*) x @(®) and p® = g1 x m(*) where

ml®) = Z Jas m®) .= Z Ja-

aza(z5)>0 a: a(zs—1)>0
a(zs)=0

One has @0+ ¢ @@ (since g Nn can be identified with n/m®).
1.6.2.
Corollary. For A > v one has
ext(A;v) <m(g®;p@ N\ ) = exty (A1)
where s is minimal such that v — X\ € NA~(g(®)).
Proof. Combining Corollary 1.3.4 and Lemma 1.5 we obtain
ext(A;v) = m(g; b; A;v) <m(p™;p s N w).

The p*)-module N := Ind’:’(:),1 Lis—1)(\) is generated by its highest weight space Ny.
pls—1) p

Since @m(®) C n is an ideal of p(®), N® is a submodule of N, which implies @(®) N = 0.
Hence N is a module over p(*) /m(*) = g(*), This gives

m(P®:pC N ) = m(g®; pEY /) A w).

Using the formulae from 1.6.1 we see that p(®) is the image of p*=1 in p®®) /() = g(*),
Therefore m(g®®); ps= /m); X;v) = m(g®);p); \; v) and thus

ext(A;v) < m(g®;p®); A v). (10)
Clearly, m(g(®); p(®); A\; 1) < exty (A;v). Using (10) for g(*) we obtain
extyo (A1) < m(g™;p); A ).

Thus extg (A;v) = m(g®);p); \;v). Now (10) gives the required formula. 0O

Please cite this article in press as: M. Gorelik, On modified extension graphs of a fixed atypicality, J.
Algebra (2023), https://doi.org/10.1016/j.jalgebra.2023.09.008




M. Gorelik / Journal of Algebra sss (seee) eee—ses 15

1.7. Functors T*

For a parabolic subalgebra p C g and a finite-dimensional p-module V' we denote by
I'®P(V) a maximal finite-dimensional quotient of Ind}(V'). It is easy to see that this
quotient is unique and that for any finite-dimensional quotient N of Indy (V') there exists
an epimorphism I'®? (V) — N.

1.7.1.

In [29], I. Penkov introduced important functors from Fin(p) to Fin(g). We will use a

modification of these functors which appeared in [22] and other papers. These functors

'y = {T';}§° have the following properties

— T§(V) =),
— Each short exact sequence of p-modules

0-U—-V-=U -0
induces a long exact sequence
Lo PPV) S TP U) - TEP(U) = THP (V) = T§P(U') — 0.

Until the end of this section we assume the existence of I'y satisfying the above
properties. Observe that [[§¥(Ly()\)) : Lg(A)] = 1if A ¢ P*(g): we set

K3(w) 1= 2P (Ly(N)) = Lo(0)] — dogo.
Observe that TP (L,(\)) = 0 if A ¢ P*(g); for A € P (g) one has
coSoc T (Ly(N) = Le(N)  K°(\p) = [Rad(TP(Ly(\) : Lo(u)]. (1)
In particular, K°(\;v) # 0 implies v < .
1.7.2.
Lemma. Let \,v € Pt (g) with v < X be such that
Vu#v  K9(\pu)#0 = ext(uv)=0.
If KO\ v) =1 orext(v;v) = 0, then K°(\;v) < ext(\;v).

Proof. By (11) in both cases the isotypical component of Ly(v) is a direct summand of
RadT'9F(Ly(A)), so Lemma 1.1 (i) gives the required inequality. O
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1.7.5.
Retain notation of 1.2.1 and recall that p = g* x m.

Lemma. Let \,v € P (g) with v < X be such that

(a) K'(\v)=0
(b) Yu K°(Np)#0 = ext(v;p) =0.

Then extg=(\;v) < ext(A;v).

Proof. Without loss of generality we will assume that m := extg:(A;v) > 0.
By Lemma 1.1 there exists an indecomposable g*-module N; with a short exact se-
quence

0— Lg=(1)®™ — Ny — Lg=(A) = 0
where Lg=(v)®™ stands for the direct sum of mg copies of Lg-(v) and my copies of
IILg-(v) with mg + m; = m. Since p = g* x m, the corresponding p-module Ny :=
Resgz N is an indecomposable module with a short exact sequence
0— Lp(1)®™ — Ny — Lp(\) — 0.
Consider the corresponding long exact sequence of g-modules
o= DI (Ly () 4 TEP (L (1)) — D8P (N) — T3P (Ly(N)) — 0.

Recall that coSocT§*(Ly(v)) = Lg(v). Since K'(A\;v) = 0 the image of ¢ lies in
Rad 8" (Ly(v))®™. Thus I'§* (IV2) has a quotient N3 with the short exact sequence

0— Lg)®™ — N3 — TP (Ly(N)) — 0. (12)
Since N is indecomposable, it is generated by its A-weight space (N3)y. Since Nj is a
quotient of T'§’ (Ny) which is a quotient of Indg (N2), N3 is also generated by its A-weight
space. Hence N3 is indecomposable and

coSoc(N3) = Lg(A) = coSoc (TP (Lp (N))).
The short exact sequence (12) induces a short exact sequence

0— Lg(v)®™ — Rad(N3) - M — 0,

where M = Rad(Fg’p (Ly ()\))) This sequence splits since, the assumption (b) gives
ext(v;p) = 0 if Ly(u) is a subquotient of M. Hence M is a submodule of N3, which gives
the following short exact sequence
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0— Lg(v)®™ — N3/M — Lg(\) — 0.

By above, N3/M is generated by its A-weight space, so N3/M is indecomposable.
Lemma 1.1 (i) gives ext(A;v) > m as required. O

1.8.

Retain notation and assumption of 1.6. In all formulae where (s) appears, s is assumed
to be one of the numbers 1,..., k. For each s we fix a decomposition g* = g, x f)é) in
such a way that hé) C b and

go) Cga) C ... C Y-

We set f)(s) =g N b, ts) =g Nt té) = f)(ls) Nt and Ps) = (g(s,l) +b) Ng(s)- Note
that p(, is s a parabolic subalgebra in g(,; one has

0% =g +h b=hu xbl, P =pe xbl, pe = Ng-
In the notation of 1.4 we have P*(g*) = PT(g(s)) ® (té;))*. Observe that
"= P™(¢g") D P™(g™) D P(g°?) D ... D PT(¢*) = P*(g).

1.8.1.
We assume that for each s one has

(A) for any X, € P*(g()) with exty , (N,2') # 0 the simple h(y)-modules C/, C,/
are either Il-invariant or not Il-invariant simultaneously;
(B) there exists 8" . Fin(py)) — Fin(g(s)) satistying the conditions 1.7.1.

Observe that (A) holds if by = 0 (that is b = t); in addition (A) holds if g = .,
(this follows from the description of the center of U(q.,)) obtained in [34]).

1.8.2.
Take A, v € t* and set \' := Aly,,, V' := vl . We introduce

0 ifA¢P+(g(5))
KlyOi)=q0 i, # vy, (13)
[P8OPO (Ly (V) < Loy () A, = v
Note that
Klysv) #0 = v e A+ NA™(g5), Ve, € PT(g(s))- (14)
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We set
eXt(s) ()‘7 V) = ethzS (/\7 V).
Combining the assumption (A) and Corollary 1.4.3 we get for v < A

extg (A v) = 0 if )\|t(Ls) a V|té> (15)
(B H) = extg,,, (N;1/) if )\|L(L) = I/|t(L)

Note that m(g(®);p(); \;v) < Ky (Asv).
1.9. Graph G(t*; K°)
For A\, v € t* we introduce
s(A;v) := max{s| )‘|t(J-S) = V|t(g)}a ko(A;v) == K?s()\;u))<)‘; v),
Note that s(A;v) = min{s| v — A € NA™(g,.)} if v < A. Corollary 1.6.2 gives
ext(A; ) < extsa) (A ) < ko(X;wv) for each A,v e P (g) with v < A. (16)

1.9.1. Definitions

We say that (\;v) is K*-stable if K{,(\;v) # 0 for each s > s(\;v).

Let G(t*; K°) be the graph with the set of vertices t* connected by ko(\; v)-edges of
the form v — A

For each B C t* we denote by G(B, K°) the induced subgraph of G(t*; K°). We say
that a graph G(B, K°) is bipartite if there exists dex : B — Zo such that v — X implies
dex(v) # dex(A). For each A € t* let B(A) be the set consisting of A and all its direct
predecessor in G(t*; K°), i.e.

B(A) = {AU{v] ko(A;v) # 0}

1.9.2. Remarks

Observe that G(t*; K°) is a directed graph without cycles (for any edge u — v one
has 1 < v). For g # gl(n|n) one has B(0) = {0} since 0 is a minimal weight in P*(g;))
for each 1.

Note that if G(B(\); K°) is bipartite and ext(v;v) = 0 for each v € B()), then the
radical of I'®P L, (X) is semisimple.

1.9.3.

Corollary. Let A € P*(g) be such that
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(a) B(\) C P*(g) and G(B(\); K°) is bipartite;
(b) ext(y)(u;v) =0 <= exty)(v;u) =0 for all s and p,v € B(A) \ {\}.

(i) Ifv € PT(g) with v < X satisfies
(c) (\;v) is Kl-stable;
(d) (\;v) is K°-stable or ext(s)(v;v) =0 for each s,
then ext(A;v) = ext s, () (A1),
(ii) If A\, v satisfy (a)-(d) and
(e) ko(Asv) =1 or ext(gruy(v;v) =0,
then ext(A;v) = ko(A; v).

Proof. If v ¢ B()), then (16) gives ext(X\;v) = ko(\;v) = 0. Assume that v € B()). Set

p = So(A;v).

Combining (15), (16) we obtain extg=. (25 1) < ko(po; p1) for pua, po2 € PH(g) if po > pa.
Then the assumptions (a), (b) give

extsy(p1; p2) = 0 for all py # pe € B(A)\ {\} and each s. (17)

Take s > p and view A, v as elements of PT(g* ). We will use Lemma 1.7.3 for the pair
p(®) C g*. Let us check the assumptions of this lemma: the assumption (a) follows from
(c) and the assumption (b) follows from (17) for u # v (since v € B())); the assumption
(b) for pt = v means that K?S)()\; v) = 0 implies ext4)(v;v) = 0— this follows from (d).
Lemma 1.7.3 gives ext(s)(\;v) < ext(s41)(A;v). Using (16) we get

ext(A; 1) <exty (A1) < extiy)(A;v) = ext(\;v).

This proves (i). For (ii) note that (17) and (e) imply the assumptions of Lemma 1.7.2
for g* which gives KJ(X\;v) < ext(,)(A;v). By (i) this can be rewritten as ko(\;v) <
ext(A;v). Now (16) gives ko(A;v) = ext(A;v) as required. O

1.9.4. Remark
If X satisfies (a), (b) and the assumption (e) holds for each v € B(X), then T'9P L, (X)
has a semisimple radical.

1.9.5. Remark

In the examples considered below each pair (\; ) with A # v is K*-stable for any i (in
fact K(is)()\; v) # 0 implies K(i;,)()\; v) # 0 for each s’ # s and any ¢’). In most of the cases
G(B()\); K) is bipartite (this simply means that ko(u1; pe) = 0 for 1, o € BN\ {\});
moreover, K (A;v) # 0 implies dex(v) = dex(A) + ¢ modulo 2.

i
s
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2. Weight diagrams and arch diagrams

In this section we introduce the language of “arch diagrams” which will be used in
Section 3. We will consider the following examples

— the principal block over g = gl(n|n), osp(2n + ¢|2n) for t = 0,1, 2;
— the principal block over qo,4¢ for £ =0, 1;

— the “half-integral” block of maximal atypicality over qa,.

We set £ := dimt— 2n, i.e., £ =1 for 0sp(2n + 2|2n), q2,+1 and £ = 0 in other cases.
2.1. Triangular decompositions

We fix the following bases of simple roots

€1 —€2y...yEp — 01,01 —02,...,0p_1 — 0y for gl(n|n)

€1 — 01,01 —€9,...,Ep — On, On for osp(2n + 1|2n)
Yi=<¢ 01 —€1,61 —02,...,En—1 — On,0n T n for osp(2n|2n)

€1— 01,01 —€2,...,En — Op, On £ Ent1 for osp(2n + 2|2n).

E1 — €2, -y&2n+40—1 — E2n+e for q2n+e

and take the following Weyl vector

hE

(n—i)(ei — Ont1-4) for gl(n|n)
1
for osp(2n|2n), 0sp(2n + 2|2n), qonts

(0; — &) for osp(2n + 1|2n).

N Oﬁ

n
i=1

2.2. Weight diagrams

We denote by By the set of the highest weights for simple modules lying in the principal
block of Fin(g); for g2, we denote by Bj/; the set of the highest weights for simple
modules lying in the half-integral block of maximal atypicality. In what follows B will
denote By or By 3. These sets can be described as follows.

e For gl(n|n) the set By consists of As such that A4p = Z Ai(gi—0;), where Ay, ..., Ay

i=1
are integers with A\;11 < A;.
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e For osp(2n + t|2n) the set By consists of As such that

n—1

D Ni(Ei +65) + X (0 + ) for t = 0
i=1

s—1 =t 1 1 n 1

;()\i + 5)(61‘ +0;) + 5(53 +&es) + i;ﬂ 5((2 —g) fort=1

where £ € {£1} and Ay,..., A\, € N with A1 < X or A; = X1 =0.Fort =1 we
have 1 <s<n+1land weset \s :=Agy1:=... =X, =0if s<n (fors=n+1we
have A+ p =1 (A + 3)(g; + 6;)).

e For qo,4¢ the set By consists of As such that

n
Atp= Z Ai(€i — E2ntot1-i),
i=1

where Aq,..., A, € N with >‘i+1 < \; or >\i+1 =X =0.
e For qz,, the set By, consists of As such that

Adp= Z Ni(&i — €ant1-4),
i=1

where A1,..., A, € N+1/2 and A\iy1 < ;.

2.2.1.

We assign to A as above a “weight diagram”: for By (resp., By/3) the weight diagram
is a number line with one or several symbols drawn at each position with integral (resp.,
half-integral) coordinate:

— we put the sign x at each position with the coordinate \;;

— if £ =1 we add > at the zero position;

— we add the “empty symbol” o to all empty positions;

— for osp(2n|2n) with A # 0 and for osp(2n + 1|2n) with s < k, we write the sign of
¢ before the diagram (4 if £ = 1 and — if £ = —1).

Note that A\ € By (resp., A € By/2) is uniquely determined by the weight diagram
constructed by the above procedure.

For a diagram f we denote by f(a) the symbols at the position a (for gl(n|n) one has
f(a) € {o, x}). For osp(2n|2n) (resp., osp(2n + 1|2n)) a diagram has a sign if and only
if f(0) = o (resp., f(0) # o). We say that two weight diagrams “have different signs” if
one of them has sign 4+ and another sign —.
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Consider the case g # gl(n|n). In this case each position with negative coordinate
contains o and we will not depict these positions. Each position with a positive coordinate
contains either x or o. For ¢ = 0 the zero position is occupied either by o or by several
symbols x; we write this as x* for ¢ > 0. Similarly, for £ = 1 the zero position is occupied

by > with i > 0.

2.2.8. Eramples
For gl(3]3) the weight diagram of 0 is ...00x x x 0o.. ., where the leftmost x occupies
the zero position. The weight diagram of 0 is

x™oo... for asp(2n|2n),qan
—X"oo... forosp(2n+1|2n)
X> oo... for osp(2n+ 2|2n), qont1.

The diagram + o x x corresponds to the osp(4]|4)-weight A = A+p = (ea+d2) +2(e1 +
81). The diagram +x? corresponds to 0sp(7|6)-weight A = ¢;.

The empty diagram corresponds to one of the algebras gl(0]0) = 0sp(0]0) = 0sp(1]0) =
qo = 0; the diagram > corresponds to the weight 0 for osp(2]/0) = C or for gy (in both
cases the corresponding simple highest weight module is one-dimensional).

2.2.4. Remark

By [8], Proposition 4.11 for A € By the simple OSP(2n|2n)-module is either of the
form L(A) if A, =0 or L(A\) & L(A\?), where A7 is obtained from A by changing the sign
of £&. Thus the simple OSP(2n|2n)-modules are in one-to-one correspondence with the
unsigned osp(2n|2n)-diagrams.

2.3. Arch diagrams
A generalized arch diagram is the following data:

e a weight diagram f, where the symbols x at the zero position are drawn vertically
and > (if it is present) is drawn in the bottom,
e a collection of non-intersecting arches, where each arch is
— either arc(a; b) connecting the symbol x with o at the position b > a;
— or arc(0;b,b’) connecting the symbol x at the zero position with two symbols o
at the positions 0 < b < b';
— for qa,41-case arc(0; b) connecting > (at the zero position) with o at the positions
b > 0; this arch is called wobbly.*

4 Wobbly arches are important for the description of DS, (L); we will not use them in our text.
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An empty position is called free if this position is not an end of an arch; we say that
arc(a;b) is a two-legged arch originated at a and arc(0;b,b') is a three-legged arch origi-
nated at 0. A generalized arch diagram is called arch diagram if

each symbol x is the left end of exactly one arch;

for qon,+1-case the symbol > is the left end of a wobbly arch;
there are no free positions under the arches;

for the gl-case all arches are two-legged;

for the 0sp(2n|2n), 0sp(2n + 1|2n)-cases the lowest x at the zero position supports a
two-legged arch and each other symbol x at the zero position supports a three-legged
arch;

e for the qon1¢,08p(2n + 2|2n)-cases each symbol x at the zero position supports a
three-legged arch.

Each weight diagram f admits a unique arch diagram which we denote by Arc(f); this
diagram can be constructed in the following way: we pass from right to left through the
weight diagram and connect each symbol x with the next empty symbol(s) to the right
by an arch. Examples of arch (arc) diagrams in gl(m|n) and osp-cases appear in [23],
Sect. 4 and in [15], 8.1.3, 8.1.4. For q,-case slightly different arch (arc) diagrams were
introduced in [19] (see 4.3.3 in [19] for pictures). The arc diagrams in [19] are obtained
from our arch diagrams by the following procedure: a wobbly arch (if it appears) is
substituted by two “half arcs” and each three-legged arch is substituted by two “half
arcs”.

2.3.1. Partial order
We consider a partial order on the set of arches by saying that one arch is smaller
than another one if the first one is “below” the second one:

arc(a;b) > arc(a’;b) <= a<a <b
arc(0;b1,bs) > arc(a’;b) <= a' < by,
arc(0; b1, be) > arc(0;b],b5) <= by >0y, < by >b.

2.4. Map T

Following [22], we introduce a bijection 7 between the weight diagrams for osp(2n +
2|2n) and osp(2n + 1|2n): for a osp(2n + 2|2n)-diagram f we construct 7(f) by the
following procedure:

- we remove > and then shift all entires at the non-zero positions of f by one position
to the left;
- we add the sign + if f(1) = x and the sign — if f(1) = o and f(0) #>.
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For instance, T(é) =—x,7(>x)=+x, T(; ox)=—X X, T(>o0x)=o0X.

One readily sees that 7 is a one-to-one correspondence between weight diagrams and
that there is a natural bijection between the arches in Arc(f) and Arc(7(f)): the image
of arc(a; b) is arc(a — 1;b— 1), the image of arc(0; by, bs) is (0;b61 — 1,b — 1) if by # 0 and
(0; b2 — 1) if by = 0; this bijection preserves the partial order of the arches.

We will also denote by 7 the corresponding bijection between the weight (i.e., between
the sets By defined for osp(2n + 2|2n) and osp(2n + 1|2n)).

2.5. The algebras g(s)
For g = osp(2n + t|2n) we consider the chain
0sp(t|0) C osp(2+¢[2) Cosp(4+t4) C ... Cosp(2n+1t2n) =g

where 0sp(2p+1t|2p) corresponds to the last 2p+ [%] roots in X; we denote the subalgebra
0sp(2s + t|2s) by g(s). Note that gy = 0 for t = 0,1 and gy = C to t = 2.
Similarly, for g = gl(n|n), q,+¢ we consider the chains

0 = gl(0]0) C gl(1|1) C ... C gl(n|n) qe C q24¢ C ... C q2nte

where for 7 > 0 the subalgebras gl(i|7) (resp., q2;1¢) corresponds to the middle 2i + ¢ —1
roots in ¥; we denote the subalgebra gl(s|s) (resp., qas4¢) by g(s). It is easy to see that
for each s there exist z; € t such that g* = g(,) + b.

2.5.1.

We retain notation of 1.8. For A € t* we denote by tail(A) the maximal ¢ such that
Mgy = 0.If p =0 (i.e., for g = 0sp(2n|2n), 0sp(2n + 2|2n) and qo,4¢) then tail(A) is
equal to the number of x at the zero position of the weight diagram (and is equal to the
number of zeros among {A;}? ;). The map 7 defined in 2.4 preserves the function tail.

3. Multiplicities K*(\;v)

We retain notation of Section 2 and set p := g(,—1) + b. The multiplicities Ki(\v)
were obtained in [30], [31], [28] and [22]. Below we will describe these multiplicities in
terms of arch diagrams. We introduce a Poincaré polynomial K*¥(2) by

oo o0

KM (2):= Y K'(Nv)zt =Y TP (Ly(N) : Lg(v))2’
i=0 i=0
(by [29], the sum is finite). One has K*¥(2) = 0 if A € B and v ¢ B. The polynomials
K (2) for \,v € B are given in Propositions 3.2, 3.3, 3.4. Proposition 3.2 (gl-case) is a
simple reformulation of Corollary 3.8 in [28]. Proposition 3.3 (osp-case) is a reformulation
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of Proposition 7 in [22] (we translate the formulae from [22] to the language of arch
diagrams). For the g-case the polynomials were described recursively by V. Serganova
and I. Penkov in [30], [31]; in Proposition 3.4 we present non-recursive formulae, which
are deduced from the Penkov-Serganova recursive formulae. The rest of the section is
occupied by examples and the proof of Proposition 3.4.

3.1. Notation

Let g be a weight diagram. We denote by (g)% the diagram which obtained from g by
moving X from the position p to a free position ¢ > p; such diagram is defined only if

g(p) € {x, >X}f0ri21 and g(q) = o.

For instance, for g = x2 o x one has (g)§ = x o xx and (g)3,(g); are not defined. If

g(0) = x% or < for i > 1, we denote by (g)g’g the diagram which obtained from g by

moving two symbols x from the zero position to free positions p and ¢ with p < ¢; for
example, (xzx)gzé =0Xo0X X.

If f(p) # o, we denote by arcy(p) the positions “connected with p in Arc(f)”; for
example, arcyxox (2) = 3, arcxox(0) = {1,4} for q4 and arcxox(0) = {1} for osp(4/4).
Notice that if (f)7 is defined, then arcy(p) is defined.

We always assume that A\, v € B and denote by g (resp., f) the weight diagram of A
(resp., of v); we sometimes write K (%) instead of K. Asin 2.2 let \; be the coordinate

of the rightmost symbol X in g.
3.2. Proposition (see [28], Corollary 3.8)

Take g = gl(n|n). If KM (2) # 0, then g = (f)) and

b—A\ :
A IR if A\ <b
K™(z) = {o i<\

where b := arcy(a).
3.3. Proposition (see [22], Proposition 7)
Take g = o0sp(2n + t|2n) for t = 0,2 and X # 0.

(i) If K*Y(z) # 0, then g = (f)) or g = (f)gza\l and f, g do not have different signs.

a

(i) Let g = (f)2* and f, g do not have different signs.

Set b := maxarcy(a) and b_ := minarc;(0) if a = 0.
PA if A\ <b

Ifa#0ora=0andt=2 then K™(2) = 0 £ D < A
1 1-
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If a=0and ¢t =0, then

Zb-—A 4 b if A <b_<b

b=A1 if A\ <b_=25b
Av _ z AL =
K2 (2) =9 Jo-n b <A <b
0 b < Ay

(iii) Let g = (f)g:é‘l. If Arc(f) contains arc(0;p,¢) with Ay < ¢ < maxarcy(0), then
KM (2) = 29715 otherwise KM (2) = 0.

(iv) For A # 0 the polynomials K*¥(z) for osp(2n + 1|2n) can be obtained from the
polynomials for osp(2n + 2|2n) by the formula K™M:7()(2) = KAV ().

3.3.1. Examples

(1) For A = &1 + 6; and v = 0 one has g = (f)} with b = 2n for osp(2n + 2|2n) and
b=2n—1,b_ =1 for 0sp(2n|2n). The polynomial K=1+%::0(z) equals to 1 for
0s5p(22), to 1+ 22772 for 0sp(2n|2n) with n > 1 and to 22"~ for osp(2n + 2|2n).

(2) Take g = osp(4]|4) with v = &1 + 1. Then f = XX so

Arc(f) = {arc(1;2),arc(0;3)}, arcp(l) = {2}, arcy(0) = {3}.

The non-zero values of K (%) are given by the following table

X ox =(xx)?ox x =(xx)3oxox = (xx)}

)1 z 1

9
K(

[~

(3) Take g = 0sp(6]4) with v = &1 4+ d1. Then f =3 x50
Arc(f) = {arc(1;2),arc(0;3,4)}, arcg(l) = {2}, arcs(0) = {3,4}.

The non-zero values of K (%) are given by the following table

g >ox = (f)2>xx=(f)3|>xox|>xo00x =(f)3
K(%)|1 22 z 1

sl

(4) Take g = 0sp(6|6) with v = &1 + ;. Then f = x?x so
Arc(f) = {arc(1;2),arc(0;3),arc(0;4,5)}, arcg(l) = {2}, arcs(0) = {3,4,5}.

The non-zero values of K (%) are given by the following table

g XQOXXXXXXOXXXOOXXXOOOX

K($)[1 z+2314+2% |2 1
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(5) Take g = 0sp(10|10) with f = x3 0o x x. Then
Arc(f) = {(arc(4;5),arc(3;6), arc(0; 1), arc(0; 2, 7),arc(0; 9, 10) }.

For g = x300 x ox, x3000 x o x, one has K (%) =1. In addition,

g [xoxxxx=(aslie[x o x x xoox = (g
K( )z2 z 1

e

For g = x3 000 xx one has K(%) = z; for g = (f)§ with i = 5,6,...,10 we have
K(%) = 210=% Since K (%) # 0 implies A; > vy = 4 we get K (%) = 0 for other values
of g.

3.4.
Proposition. Take g = q,,, and \,v € By or A\, v € By 3.

(i) One has K%°(z) =2+ 22+ ...+ 2™ ! and K*V(2) =0 for v # 0.
(i) If A # 0 and KM (2) # 0, then g = (f)2 fora < A;.
(iii) Let g = (f)2* for a < A\i. Set b:= maxarcs(a).
A A <D
0 if b < A1,
Ifa=0, set As.y, :={i € arcg(0)| Ay <i < b}. Then

Ifa #0, then K>V (z) =

0 if A, =0
K)\’V = . : T
(Z) { Si-—A1 + S+ otherwise

where i— :==min A¢.y,, 14+ = max Ay.y,.

8.4.1. Examples
In the examples below we compute K*(z) using Proposition 3.4.

(1) For A = €1 — &, and v = 0 one has g = (f){ with arcs(0) = {1,...,m} and thus
Apq={1,...,m—1}. This gives K179 =1+ 2™~2 a5 in [30], Theorem 4.
(2) Take g = q4 and f = xx. Then
Arc(f) = {arc(1;2); arc(0;3,4)}

and arcy(1) = {2}, arcy(0) = {3,4}. This gives

g X ox = (xx)}oxox =(xx)3lox x =(xx)3

K(%)[1 2 22
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and K(%) = 0 for other values of g.
(3) Take f = x2 x oo x. One has arcy(0) = {3,6,7,8} and

g |xxo0oxx=(fF(f) |x xo0xo00x=(f)§(f)i
K(%)z—sz 1+ 2|2 1

Since K (%) = 0 implies A > 11 = 4 we get K($) = 0 for other values of g.

(4) Take f = x2 x 0o ox. One has arcy(0) = {3,4,7,8} which gives

w(W8) <2 () =2 (1B <

Since K (%) = 0 implies A > 11 =5 we get K($) = 0 for other values of g.

3.5. Proof of Proposition 3.4

Theorem 4 in [30] gives (i) and establishes (ii), (iii) for m =1 (in this case B = {0}).

From now on we assume that m > 2 and A # 0. We set
0:=¢e1—éem.

3.5.1. Notation

Recall that m = 2n + £ and n > 0. For p € B we write p = (u1,...,4n) and set

W= e,y e p = (pa, ..o pn). We will denote the weight diagram of 11 by diag(s).
For a polynomial P € Z[z] we introduce P € {0,1} by P := P(0) modulo 2; we will also

use the following notation: (370 dizi)+ =0 dizt

3.5.2. Formulae from [30]
Theorem 4 in [30] can be written in the following form

K57 =0 form=2 K% =4 ,(1+2""2).

Theorem 3 in [30] gives for m > 2, Ay > 1 and v # A — 0

KA-0 = 1.

KM = (z71KA0v) for A > X +1, tail(v) < tail(\)
KM = (z_lK)‘_("*”)+ + KA-0w for A > A+ 1, tail(v) > tail(\)
K =0 for A =X +1, 1/175)\2

KM = ZK)‘,’”/ for A1 = X + 1, vy = Aa.

3.5.83. Case \1 <1

(18)

(19)

In this case A = 0,60 or A = £ for m = 2 (note that § ¢ P*(q,,) for m > 2). For m = 2
there is no diagram f satisfying (f)% = diag(%). If (diag(v))!, = diag(6), then a = 0 and
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v =0, 80 arcgiag(»)(0) = {1,2,...,m}. Comparing this with (18) we obtain (ii), (iii) for
the case \; < 1.

3.5.4. Casen =1
In this case By = N@ and By, = (N + %)9 for £ = 0. The induction on A; gives
KM (2) = 8x_g,, (for X # 0); this gives (ii), (iii) for the case n = 1.

3.5.5.
If v = A — 0, then diag(\) = (diag(y))ii_l and KM (z) = 1 by (19); thus (iii) holds
for this case.

3.5.0.

Assume that v £ XA — 0. Set j := A\ — Ay — 1 and take p := X — j0 (i.e., diag(u) is
obtained from diag(A) by moving the rightmost x to the left “as much as possible”: for
instance, if diag(\) = x o x oox, then diag() = x o x x). By (19), K*¥(2) # 0 implies
K"V (z) # 0 which forces v1 = ug (since p1 — 1 = usg). Hence v; = Aa. We obtain

KM (2) 40, v£4A—0 = v =\

3.5.7.

We will prove (ii), (iii) by the induction on A; (note that A; > % since A # 0). The
cases A1 < 1 and n = 1 are established above. From now till the end of the proof we
assume

n>2, A >1, v =g, V7é/\—9

Using 11 = A2 we write diag()\), diag(v) in the form
diag(\) =g x, diag(v) = fx*o (20)

where the symbols x € {o, x} occupy the position A\; — 1 in both diagrams (note that
f,g do not have the same meaning as in 3.1). For example,

diag(A\) = ox X X o x X diag(v) = X X X xXoXxo
*x=X, g= OXXXo f= X X X X0
The formulae (19) give
K(£5) =1
K(92) = (z 1K (%)) 4 it tail(v) < tail(\), 1)
K(?Zé) =(1K($)y + K(‘%) if  tail(v) > tail(\),
K(55) =2K(%),  K(%3)=0.
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3.5.8. Proof of (ii)
Assume that K" (z) # 0.

If x = x, then K*" = K(E}Xxi) = zK(%). By induction, K(%) # 0 implies that
gx = (fo))~! for some a, which gives g x x = (f x o).

If ¥ = o, then K™ = K(%27) # 0. By (21), this gives K (%) # 0. By induction this
implies gx = (fo))~! for some a, which gives go x = (f 0 0)M.

This establishes (ii).

3.5.9.
The proof of (iii) occupies 3.5.9—3.5.11. We assume that diag(\) = (diag(v))
v # A —0. Then

A
2t and

diag(\) = g * x diag(v) = fxo  gx = (fo)h~L (22)

3.5.10. Case a #0
In this case tail(v) = tail(\). Take b’ := arc¢(a) and b := arcy.(a).
If x = o, then f = f* and b = V. By induction we get

gOX

foo

)= (Z*IK(S;_;())Jr — (Zfl(be(Arl))_s_)Jr _ (Zb7A1)+

K(
as required. For * = X one has arc(A; — 1; A1) € Arc(f x0),s0b="0b"if b/ < A; — 1 and
b =1 + 2 otherwise. By induction we get

gxXx gx —(A1— !
12 %) = R (ED) = a( D), = ().

K( fo

This establishes the required formula for a # 0.

3.5.11. Case a =10
In this case tail(v) = tail(\) + 1. Set

i—:=minAyf.y,, i4:=minAp.y, ¢ :=mindpy 1, z/_,_ i=min Ay, -1
taking i1 = —oo (resp., i’y = —00) if Apn, =0 (resp., Az, —1 = 0). By induction

K(%) = 2 aml) g =D,

If x = x, then i3 =4/, +2 and (21) gives

X X X , ,
g )= zK(g—) =M g A

K(fxo fo
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Consider the remaining case * = o. By (21) we have

gOX

foo

KT = k(L)) + KL

fo fo
Since the coordinates of x in f are smaller than A\ — 1, arcy(0) contains all integers
between 7' and 4/,. Thus \; —1 <’ <4/, and

Apor =Apa, =il i £ N -1, i <i<i,}.
If /. # Ay — 1, this gives i_ =i’ and iy = ¢/, which imply

g * X

fxo

X ) )
)= z_lK(g—) =z g

K( - s

If i’ =4, =X —1, then Ay, 5, = 0 and thus iz = —oo. One has K(%7) = 2, so
K(32) = 0 = 5= 4 250,
If /. =X — 1<, theni_ = X\, iy =4 . In this case K(%) =14 2%~ M=D and

K5 =14 2N
We see that in all cases K(%X) = 2~ 4+ 2%+ ~*_ This completes the proof of

fxo
(iii). O

4. The grading dex and the computation of ext(\;v)

In this section we introduce the Zs-grading dex and describe the graphs G(B; K°).
Then we describe the graphs (C;ext) which were defined in Introduction.

4.1. The grading dex

Recall that ¢ =1 for osp(2n + 2|2n), qon+1 and ¢ = 0 in other cases. For A\,v € B we
take A1,...,\, as in 2.2 and introduce

> if g # 0sp(2n + 2|2n)
A= ¢ =
D> X —l(n—tail\) if g = osp(2n + 2|2n)

i=1

dex(\) := |[A]] mod 2  dex(\;v):= {0 if dex(\) = dex(v)

1 if dex(X) # dex(v)
tail(v; A) 1= tailv — tail A.

Observe that ||7(A)|| = ||A]| for g = osp(2n + 2|2n).
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411,
Corollary. Let A\, v € B be such that K (z) # 0.

(i) For g = gl(n|n) or g = qon with B := Bys one has A > v and K*(z) = 2%, for
some i such that i = dex(A\;v) + 1 modulo 2.

(ii) Take g = osp(2n + 2|2n),08p(2n + 1|2n) with X # 0. Then A > v, tail(v;\) €
{0,1,2}, and K>V (2) = 2° for some i such that i = dex(\;v) + 1.

(iii) Take g = o0sp(2n|2n) with A # 0. Then A > v and tail(v;\) € {0,1,2}. If
tail(v; \) # 1, then KMV (2) = 2%; if tail(v; \) = 1, then KM (2) equals to 2 or
to 2' + 27 for some i, such that j < i and j =i modulo 2. In both cases i satisfies
i =dex(A\v) + 1.

(iv) Take g = qon+s with A # 0. Then X > v and tail(v; \) € {0,1}.

If tail(v; \) = 0, then KM (2) = 2° for some i such that i = dex(\;v) + 1.
If tail(v; \) = 1, then KM (2) = 2 + 27 for some i,j such that j < i and i =
dex(A;jv) + 14 2.

Proof. By Proposition 3.3 (iv) we can assume g # osp(2n + 1|2n). Theorems 3.2-3.4
immediately imply all assertions except ¢ = dex(A;v) + 1 modulo 2 and j = ¢ modulo 2
for 0sp(2n|2n). We retain notation of 3.2-3.4. Recall that K**(z) # 0 implies g = (f)
or g =o0sp(2n +t|2n) and g = (f)g:é‘l.

Consider the case g = (f)2*. In this case

dex(\; 1) = {)\1 —a %fa;éO or g # 0sp(2n + 2|2n), qont1
M—a+1 ifa=0 and g=o0sp(2n + 2|2n), qan+1.

Consider the case when g # qopq¢ or a # 0. In this case i = b — Ay, where b =
max arcy(a). Observe that b — a is odd except for the case when g = osp(2n + 2|2n) and
a = 0; in the latter case b — a is even. Hence i = dex(\;v) + 1 if g = qap4¢ or @ # 0. For
0sp(2n|2n) with a = 0 one has j = b_ — A1, where b_ = minarcy(0) is odd; this gives
j=dex(\;v) + 1.

Consider the case g = qon4¢ With @ = 0. One has K™ (2) = zi- 1 4 2+~ where
i— < iy = max{s € arcs(0)] \y < s < maxarcs(0)}. Observe that i = ¢+ 1, so
iy — A =dex(\;v) + 1 + £ as required.

For the remaining case g = 0sp(2n +¢|2n) and g = (f)gj())‘l one has dex(\;v) =p+ A\
modulo 2. In this case i = ¢ — Ay, where arc(0;p,q) is a three-legged arch in Arc(f).
Since ¢ — p is odd, this implies ¢ = dex(A; v) + 1. This completes the proof. O

4.1.2. Remark
The coefficients of the character formulae obtained in [22], [35], [16] can be expressed
in terms of the values K (—1). By above, if K*¥(—1) # 0, then
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1 for gl(n|n), 0sp(2n + 1|2n), 0sp(2n + 2|2n)
1 for 0sp(2n|2n), qonye if tail(v; A) #1
lor2 forosp(2n|2n) if tail(v;A) =1

(=2)¢  for qopae if tail(v;)\) = 1.

(_1)dex(A;u)+1K>\,y(_1) —

4.2. Example

For n = 1 the polynomials K** can be presented by the following graphs where the
arrows stand for K # 0 and the solid arrows for K*(0), so the solid arrows constitute
the graph G(B; K°). If K*¥(z) is not a constant polynomial, we write K*"(z) near the
corresponding arrow. Using Remark 2.2.4 we obtain

gl(1]1) : -B 0 B 2
0sp(2]2) : B8 0 B 2B
0OSP(2]2) : 0 3 28
osp(4]2) : 0 20 38
\5
z '-v_\\ T
B
q2,81/2 : 0 % % 52—9
qz, Bo : 0——=140 20 30
q3, Bo : 0—20 —= 30 —— ...
N
0

For g # osp(4]2) the grading dex is given by dex(if) = i, dex(¢8’) = i, dex(if) = i;
for osp(4]2) one has dex(if8) =i — 1+ dj0.
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4.3. Polynomials KM (z;w)
Retain notation of 1.6, 1.8 and 2.5. Substituting g by g(;) we obtain the functors
03"® which satisfy the assumptions (A), (B) of 1.8.1. The formulae for K(is)(/\; V) can

be obtained from the formulae for K*(\;v) by changing A\; to A, and m to s in q,,-case.
We set

k oo
ZZ (l) (\;v) 2w’ (24)
i=1 j=0

Using 3.2-3.4 we obtain K**(z,w) = 0 for any A € B with tailA = 0 (for gl(n|n) this
holds for any A € B).

4.3.1.
Corollary. Take A € B.
(i) For g =gl(n|n) and qan4¢ one has
IA()"”(z,w);éO = \>v & veB.
(ii) For osp(2n + t|2n) one has
KM (z,w) #0 & A>v — vebB.
Proof. Assume that K (z;w) # 0 for some v # X; for 0sp(2n + t|2n) we assume, in

addition, A > v.

Since KM (z;w) # 0 one has K{S)()\; v) # 0 for some j,s. Set X' := Ay, V' == vl

and let B’ C P*(g(s)) be the analogue of the set B for g(,). Note that A’ € B’. By above,
(a) KI(N50) = K, (A ) # 0
which implies

/ + _
(b) v € PT(g(s)) and vf = Al -
In particular, v/ # X (since v # X\ and V\t#) = /\\t#)). In the osp-case combining (b)
and v < X\ we obtain v/ < X; since 0 is the minimal element in P*(0sp(2s + #|2s)) this
implies A’ # 0. We conclude that K7(\;v') is given by 3.2— 3.4 (since N’ # 0 for the

osp-case). Using 3.2— 3.4 we deduce from (a)

c) vVebB and v < N
(c)
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for all cases. Combining v/ < A" with (b) we obtain A > v for gl(n|n) and qon4e.
Let us show that v € B. Combining (b) and (c) we conclude that v+ p can be written
in the form appeared in 2.2. Moreover 3.2— 3.4 give

(d) Un41-s < >\n+1—s

Combining (b) and (c) we conclude that v;s are integral (resp., non-negative integral, in
N +1/2) for g = gl(n|n) (resp., for By with g # gl(n|n), for By /3). By (b)

vi=X forl<i<n-—s. (25)

Since A € B one has A\, 41-s < Ap—s = Vp—g; using (d) we get
Unti-s < Un—s. (26)
For gl(n|n)-case and for qa, with By /5 combining (c), (25), (26) and the condition A € B

we get v; < v;41 for each . For other cases we get either v; < v; 41 or v; = ;41 =0 for
each 4. This implies v € B. O

4.3.2. Example

The following example shows that f(’\’”(z, w) # 0 does not imply A > v or v € B in
osp-case. By [13], K01 (z) = z for osp(3|2); this implies K92 = zw for osp(5|4) whereas
0 < ey and g2 ¢ P (0sp(5]4)) (and so &2 ¢ B).

4.3.3.
Corollary. Take A # v € B and set s :==n + 1 —max{i| \; # v;}.
(i) Take g = gl(n|n), qznse. If KN (2;w) # 0, then
2w for gl(n|n)
KM (zw) =< Ziws for qonte if  tail A = tailv
(2 + 20 w®  for qante if  tail A # tailv

with 0 < j <1 in the last case.
(i) Take g = osp(2n + t[2n). If KM (z;w) # 0 and tail(\) < tail(v), then

2w’ for osp(2n + 1|2n), 0sp(2n + 2|2n)
KM (z;w) = Ziws for asp(2n|2n) if tail A = tailv
2w or (28 + 272 Yw* for osp(2n|2n) if tail A # tail v

with 0 <1 — 2¢ <4 in the last case.
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In all cases i = dex(A) — dex(v) + 1 modulo 2.

Proof. The formulae in 3.2, 3.4 give (i). For (ii) take X',2’ as in the proof of Corol-
lary 4.3.1. The conditions A # v and tail(A) < tail(v) imply X' # v/ and tail(\) < tail(v’)
which force A’ # 0. Therefore Kfs)(A; v) = K{(\;v/) is given by 3.3; this gives (ii). O

4.4. Graph G(B; K°)

Retain notation of 1.9.1. By 4.3.1, if v — X is an edge in G(t*, K°) with A € B, then
v € B. In other words, B(\) C B for each A € B. Using 3.2— 3.4 we obtain the following
description for G(B; K°).

4.4.1. Case gl(n|n)

In this case v — \ is an edge in G(B; K©) if and only if the diagram of \ is obtained
from the diagram of v by moving one symbol x along the arch originated at this symbol.
Each vertex has exactly n direct successors.

4-4.2. Case qapn, with B = By /o

In this case v — \ is an edge in G(B; K9) if and only if the diagram of \ is obtained
from the diagram of v by moving one symbol x along the arch originated at this symbol.
Each vertex has exactly n direct successors.

4.4.8. Case 0sp(2n + t|2n)

The map 7 gives an isomorphism between the graphs G(B; K°) for t = 1 and t = 2.
For t = 0,2 an edge v — \ appears in G(B; K°) if and only if the diagram of X is
obtained from the diagram of v by one of the following operations:

e moving one symbol x from the zero position to the farthest position connected to
the zero position;
e« moving one symbol x along the two-legged arch originated at this symbol

and, for ¢t = 0, the diagrams of A and v do not have different signs (for ¢ = 2 the diagrams
do not have signs). As a result, for ¢ = 1,2 each vertex has exactly n direct successors;
for t = 0 this holds for the vertices v with tailv = 0 (observe that for n = 1 the vertex

0 has two direct successors 01 & ¢€1).

4.4.4. Case qanye with B = By

Let arc(0;b’,b) be the maximal three-legged arch in Arc(v). By 3.4, v — X is an edge
in G(B; KY) if and only if the diagram of ) is obtained from the diagram of v by moving
one symbol X from a position a to a free position a’ connected with a subject to the
condition a’ # b; the edge v — ) is simple if @’ # b’ and is double if ' = b’. Note that
the number of three-legged arches in Arc(v) is equal to tailv. We conclude that each
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vertex v is the origin of n + tail v edges with no double edges if tailv = 0 and a unique
double edge if tailv > 0.

4.4.5.

Corollary.

(i) For the cases g = gl(n|n), osp(2n+t|2n) with B = By and for g = qan with B = By,
the map dex gives a bipartition of G(B; K°).

(ii) The graph does not have multiedges except for the case (qan+e, Bo) where the double
edges appear.

4.4.6.
Fix p € Z for g = gl(n|n), p € N — 1/2 for By, and p € N for other cases. We set

Bsp={NeB| A\, >p}, By :={peN" g >p>...>p, >0}

and identify B, with By via the map p — (1 — p; pt2 — p; ... ; b, — p). Note that the
weight diagram of 4 € B4 contains o or x in each position and the corresponding arch
diagram “does not depend on the type of g”. By 3.2- 3.4 for v, A € By, the polynomials
K’A’”(z; w) are the same for all types of g and B (for fixed n). In particular, the induced
subgraphs (Bs,; K°) are isomorphic for all types of g and B.

Notice that Bs_1/2 = By2 so for each p the graph (Bs; K?) is isomorphic to
(81/22 K O)~

4.5. Graph (B;ext)

Recall that ext(X;v) = ext(v; ) and ext(A;v) = 0if A € B, v ¢ B. Retain notation
of 1.9. One has

s(\;v) =n+1—max{i| \; = v;}.
By Corollary 4.3.3, each pair (\;v) with X # v is K’-stable for any i.

The following corollary describes the graph (B;ext) for (g, B) # (q2n+¢, Bo) and gives
some information for the case (q254¢, Bo)-

4.5.1.

Corollary. Take A € B and v € B with v < A.

(i) If (g, B) # (q2n+¢, Bo), then ext(A;v) = ko(A;v) < 1. The module T'®PL,(\) has a
semisimple radical.
(ii) If (g,B) # (q2n+e, Bo), then dex is a bipartition of the graph (B;ext).
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(iii) If (g, B) = (q2n+e, Bo), then ext(N;v) < ko(A;v). If Ay, > 1+ £, then
— ext(\v) = ko(\;v) < 1;
— ko(A;v) # 0 implies dex(v) # dex()\);
— the module T%PL,(X\) as a semisimple radical.

Proof. For g # qan4¢ one has b = t and ext(A; \) = 0; for ga,, one has ext(A\; A) = 0 for
any A € By ;. Combining Corollaries 1.9.3 and 4.4.5 we obtain (i), (ii) and the inequality
ext(A;v) < ko(A;v) in (iii). Take (g, B) = (q2n+¢, Bo). The assumption A\, > 1+ £ gives
B(X) C Bsg (see 4.4.6 for notation). By 4.4.6 the map dex is a bipartition of the graph
G(B()\), K°) and ko(X\;v) = 1 for each v € B()\). Using Corollary 1.9.3 we obtain all
assertions of (ili). O

4.5.2. Example

For n = 1 the graphs G(B; K°) are given in 4.2. The corresponding ext-graphs, A% for
gl(1]1), 0sp(2]2), Do for 0sp(4|2) and A for the rest of the cases, appear in Introduction.
In agreement with Corollary 4.5.1 (i) for (g, B) # (qm, Bo) the ext-graph can be obtained
form G(B; K°) by erasing the dotted arrows and changing — to +—; in this case dex
is the bipartition of the ext-graph. In the remaining cases (for n = 1) the ext-graphs are

q2,Bo : 0 0 20 30

C|3,BO : 0 0 20 30

see [27], [21]. Combining 4.2 and 4.5.2, we conclude that for g, the radical of T'%P L, (0) is
an indecomposable isotypical module of length two with the cosocle isomorphic to Lg(0),
and for g3 the radical of I'%?L,(26) is a module of length three with the subquotients
isomorphic to Lg(0), Lg(0), Lg(6) and the cosocle isomorphic to Ly(0).

4.5.8. Remark

Take g = qon41 and A € By such that A\, = 1 and A\,_; > 4. Let us show that
conclusions of Corollary 4.5.1 (iii) hold for such A. Take u such that ko(X; 1) # 0. Since
diag A => X ooog for some diagram ¢ one has diag p =3 cooog ordiagu => xooof
with ¢ = (f)2. In both cases ko(A\; i) = 1 and dex(u) # dex()\). Hence G(B(\); K°)
is bipartite, I'®?L,(\) has a semisimple radical and Corollary 1.9.3 gives ext(\;v) =
ko(A;v).

4.5.4. Remark

Fix p € Z for g = gl(nn), p € N —1/2 for By, and p € N for osp(2n + ¢|2n),
p € Ny for (q2n+¢, Bo). Retain notation of 4.4.6. By Corollary 4.5.1 ext(A;v) = ko(\; v)
for each A\, v € B, with A > v. In the light of 4.4.6, for A # v the value ext(\;v) does
not depend on g and p (under the identification of B, with By). Let C4+ be the Serre
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subcategory® of Fin(g) generated by L(\) with A\ € Bs,. By above, the graphs (Cy;ext)
are naturally isomorphic for all g with p as above. For gl(n|n) and osp(2n + ¢|2n) this
implies the isomorphisms between Ext!-graphs of C4 (in these cases Ext!-graphs of C+
have two connected components which differ by II).

4.6. Proof of Theorem A

Let g be one of the algebras gl(m|n), osp(M|2n) or q,,. We will say that weights \, v €
P*(3) have the same central character if L(\), L(p) have the same central character.
The computation of ext(A;v) for arbitary \,v € PT(§) can be reduced to the case
A, v € B with the help of translation functors which map a simple module in a given
block to an isotypical semisimple module in another block of the same atypicality. For
§ # (m, these semisimple modules are simple and, by [22], each block of atypicality k
in Fin(gl(m|n)) (resp., in Fin(osp(M|2n)) is equivalent to the principal block in gl(k|k)
(resp., in 0sp(2k + ¢|2k)). In particular, if L(u), L(v) have the same central character,
then ext(u; v) = ext(f; 7), where fi, 7 are the corresponding weights in B (7 is described
n [22], Section 6). This gives Theorem A for g = gl(m|n), osp(M|2n) and describes the
graph (Fin(g);ext) in these cases.

For g,,-case the situation is more complicated, see [33].

4.6.1. Weight diagrams for q.,

For = Y ;" | a;e; denote by core(u) the set obtained from {a;}™; by deleting the
maximal number of pairs satisfying a; + a; = 0; for example, for m = 8 core(2e; + e —
eg) = {2;0}. From the description of the center of U(q,,) obtained in [34], it follows
that L(\), L(u) have the same central character if and only if core(\) = core(u). We set
£(X) :=0if 0 ¢ core(\) and £()) := 1 otherwise.

The weight diagram for p = >.", a;e; € P (qa) is constructed by the following
procedure: we put > (resp., <) to the pth position if a; = p (resp., a; = —p) for some
i, add o to all empty positions and then glue each pair >, < and each pair >, > (which
could occur only at the zero position) to one symbol x. For instance

W=¢c1 —e3— 34 V=231 — &4 A =deq + 269 —e3 — 24
diag p => xo < diagr = x <o > diagh =0 < x > .

If p € B the resulting diagram coincides with the diagram constructed in 2.2.1.

The symbols >, < are called core symbols. By above, A, 4 have the same central char-
acter if and only if all core symbols in their diagrams occupy the same positions (for
instance, in the above example v and A have the same central character).

In this paper we define the atypicality of the weight to be the number of x in the
diagram. By contrast, in [20] the atypicality of the weight is defined as the number of

5 by Serre subcategory generated by a set of simple modules we mean the full subcategory consisting of
the modules of finite length whose all simple subquotients lie in a given set.
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x in the diagram if the diagram does not have > at the zero position and is equal to
the number of x plus % if the diagram has > at the zero position. In [20] the symbol >
at the zero position is not considered as a core symbol; note that for this definition it is
still true that A, 4 have the same central character if and only if all core symbols in their
diagrams occupy the same positions.

Let n € P (qa) be a weight of atypicality n > 0. We denote by 7 the weight in
Pt (q2n4¢) with the weight diagram which is obtained from diagn by erasing all core
symbols at the non-zero positions. For the above example we have

diagm => X diag? = x diag A = ox

ﬁ:é‘l*é‘g v=0 )\261762.

Note that 77 € By if n is integral and j € By /5 if 1 is half-integral (for example, the weight

n= %61 — %52 — %63 has the diagram > x, so diag77 = x and 77 = %51 — %62).

4.6.2.
Proposition. For any 1,( € P (q,,) one has ext(n; () = ext(7,¢) if n,¢ have the same
central character.

4.6.3. Outline of the proof

Take § = ,, with a triangular decomposition § = A, @ h® f_. A weight p € PT(§)
is called stable if all symbols x precede all core symbols with non-zero coordinates (in
the above example p, v are stable weights and A is not stable).

Let 1 be a stable weight of atypicality n. Then g contains a subalgebra g = qa,4¢(y)
with a compatible triangular decomposition such that the restriction of 7 to the Cartan
subalgebra of gy equal to 77 (in the above example, for y one has g = q3 corresponding
to €1,e2,e3 and for v one has g & qo corresponding to €2,¢3). By [31], Corollary 1 for
p := g+ b one has Fg’pr(n) = L3(n) and I‘g’pr(n) =0 for ¢ > 0. Combining 1.5, 1.7.3
and 1.4.3 we obtain ext(n; () = ext(7; ¢) if 1, ¢ are stable weights with the same central
character.

The general case can be reduced to the stable case with the help of translation functors
described in [2]. A translation functor which preserves the degree of atypicality and the
value of £(n) transforms L(n) to L(n') @ 1L(n'), where diagn’ is obtained from diagn by
permuting two neighboring symbols at non-zero positions if exactly one of these symbols
is a core symbol: for instance, for A as above we can obtain \'s with the diagrams
o <> x and ox <> (the last diagram is stable). Note that 7 = 7. Using these functors
we can transform any two simple modules L(n), L(¢) with the same central character
to the modules L(n')®" & ILL(n")®", L(¢)®" @ IL(¢")®", where 1/, (' are stable weights
with the same central character and 7 = 7/, { = ¢ (the diagrams of ' and (' are
stable diagrams obtained from the diagrams of 7 and ¢ by moving all core symbols
from the non-zero position “far enough” to the right). It is not hard to show that these
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functors map a module from N (n;(;m) to a module of the form M & IIM, where M is
a direct sum of r modules from N (7', {’; m). This gives ext(n; () < ext(n’;¢’). Using the
same set of functors we can transform L(n'), L(¢’) to the modules L(n)®" & IIL(n)®",
L($)®" @ TIL(¢)®7; this implies ext(n’;¢") < ext(n; (). Since 7', (' are stable we obtain
ext(n; ¢) = ext(n'; (") = ext(7; () as required. O

4.6.4.

The arch diagrams for an arbitrary A € PT(qas) are constructed in the same way as
the arch diagrams for A € B: starting from the rightmost symbol x in the weight diagram
diag(A) we connect each symbol X at the non-zero position with the next free symbol o,
then each symbol x at the zero position with the next two free symbols o and then add
wobbly arch if there is > at the zero position. There is a natural bijection between the
arches in Arc()\) and Arc()).

4.6.5.
Corollary. For A > v € P*(q,,) one has

(i) ext(A;v) <2;
(i) if ext(A;v) # 0, then diag A can be obtained from diagv by moving one symbol x
along the arch in Arc(v);
(iii) if diag \ does not have x at the position 0,1, 1+£()), then ext(\;v) = 1 if diag A can
be obtained from diagy by moving one symbol x along the arch and ext(A;v) =0
otherwise.

4.6.6.

The above Corollary implies Theorem A for g, and gives a description of the graph
(Fin(qm)1/2,exp), where Fin(qm)1/2 is the full subcategory consisting of the modules
with half-integral weights. Note that dex()) is a bipartition of this graph.

By above, extq,(26,6) = 0, so the converse of (ii) does not hold (in this case diag 260 =>

X, 80 X occurs at the position 1 4 £(20) = 2).

4.7. Properties (Dexl1), (Dex2)

Consider the case g = gl(m|n), 0sp(M|2n). The map dex(\) is a bipartition of the
graph (Fin(g); exp). The map Irr(Fin(g)) — Zo given by L(\),IIL(\) — dex(\) satisfies
(Dex1), but does not satisfy (Dex2). A map satisfying (Dex1) and (Dex2) can be con-
structed using a certain decomposition Fin(g) = F @ IIF (for atypical modules N we
take N € F if N; = 2 ip(uy=i Nus Where p(p) is given b}i p(ei) =0, p(6;) = 1). Taking
dex(L(N)) := dex(X) for L(\) € F and dex(L())) := dex(\)+1 for L(\) € ILF we obtain

a map satisfying (Dex1) and (Dex2), see [24], [15] for details.
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For the case (q;3) the map dex() is a bipartition of the graph (Fin(q,)1/2;exp)
(where Fin(g)i 2 is the full subcategory of Fin(q,,) consisting of the modules with half-
integral weights); the map Irr(Fin(qm)1/2) — Zo given by L(X),IIL(X) — dex(\) satisfies
(Dex1).

In the remaining case (q;C) we have g := q,,, and C is the Serre subcategory generated
by L()\),IIL()\) with A satisfying the assumption of Corollary 4.6.5 (iii). By above, dex ()
is a bipartition of the graph (C;exp) and the map Irr(C) — Z4 given by L(\),IIL(A) —

dex(\) satisfies (Dex1).
4.8. Remark

If C is a full II-invariant subcategory of O(g) and g is a Kac-Moody superalgebra, then
the Ext'-graph of C is a disjoint union of two copies of the graph (C;ext). In particular,
if ext-graphs of C C O(g) and C’' € O(g’) are isomorphic, then Ext'-graphs of C and C’
are isomorphic, see examples in 4.5.4. This does not hold for g,,: for instance, the half-
integral principal block in Fin(q2) and the integral principal blocks in Fin(qz), Fin(qs)
have isomorphic ext-graphs and different Ext'-graphs (see [27], [21]).

4.8.1.

Take g = q,,,. Fix a central character x and let C, be the corresponding Serre subcat-
egory of Fin(q,,). We assume that C, # 0 and denote by (Cy, Ext') the Ext'-graph of
Cy.

By above, the set core()\) is the same for all L(X) € C,,. We denote this set by core(x).
We say that x is Il-invariant if core(x) \ {0} contains an odd number of elements; in this
case each L(X) € C,, is IT -invariant. If x is not II-invariant, then each L(\) € C, is not
IT -invariant.

We say that x is integral (resp., half-integral) if core(x) contains an integral (half-
integral) number. If x # xo is atypical, then x is either integral or half-integral and
the graph (C,;ext) is connected. If x = xo and m is even, the graph (C,;ext) has two
connected components (Bp;ext) and (B /5; ext).

If x is [-invariant, the graph (C,,Ext!) can be obtained from (C,;ext) by adding
the loops around each vertex A with 0 € {\;}7,, see [21], Theorem 3.1. In particular,
(Cy, Ext') = (Cy; ext) if x is I-invariant and half-integral.

Consider the case when y is not Il-invariant. The vertices of (C,;Ext') are of the
forms (v;i), where v € Cy,i € Zo. By Theorem 3.1 in [21] the graph (C,;Ext') does
not have loops and the vertices (v,1), (v,i + 1) are connected by a unique edge +— if
0 € {\;}; otherwise these vertices are not connected. Consider the edges of the form
(v,7) <> (A, 7). Each edge v <+ A corresponds to fours edges (v,0) <> (A, 7), (A, j) < (v, 1)
and (v,1) < (N, j+1), (\,j+1) < (v,i+ 1) for some 4, j. By [11],

dim Ext' (L()), L(v)) = dim Ext!(L(v), TP ()
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which implies i = 0 if tail(\; D) is even and i = 1 if tail(\; 7) is odd. In particular, if x is
not Tl-invariant and half-integral, then in the graph (C,; Ext') the vertices (v, ), (v,i+1)
are not connected and all edges are of the form +—.

Unfortunately, the above information is not sufficient for a description of (C; Extl) for
atypicality greater than one (the graphs for atypicality one were described in [27], [21]).

Data availability
No data was used for the research described in the article.
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